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Abstract. We consider the end stage of spherical gravitational collapse in a cosmological set-
ting. As an alternative to standard spherical top-hat collapse, an expanding FLRW metric is
matched to a generic contracting solution of Einstein’s equations on a space-like hypersurface.
Using the Israel junction conditions, this is done at a time when the scale factor of expansion
reaches its maximum value. In this scenario, we first show that inhomogeneous dust collapse
of the LTB type are ruled out by virtue of the junction conditions. We then investigate
non-dust like collapse with vanishing radial pressure, and show that this can lead to a known
regular interior Schwarzschild solution, without ad hoc virialization. The other possibilities
at equilibrium invariably lead to naked singularities, and we obtain a new class of such naked
singularities. Finally, we consider a simplistic analytic model for collapse, and show via the
matching process that it can lead to the formation of singularity-free space-times as the end
stage, while respecting the known cosmological parameters. The presence of trapped surfaces
in this example do not lead to singularities, due to a violation of the strong energy condition.
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1 Introduction
Description of statistical properties of large scale structures uses two basic pieces of informa-
tion. First, the critical density required for a collapsed halo using linear extrapolation [1],
and second, the density profile of the dark matter around the halo [2, 3]. The value of the
critical density required is generally calculated from the spherical top-hat collapse model [4],
which considers a closed homogeneous and isotropic Friedmann-Lemaitre-Robertson-Walker
(FRLW) metric. Whereas, the mass density profile around the halo, which is often fitted
from the numerical N -body simulation [5–8], shows the existence of inhomogeneous halos.
Therefore it can be expected that the collapse process started as an almost homogeneous
process, but at some point of time, inhomogeneity and anisotropy started playing their role.
Since the universe on large scales is described by the spatially flat FLRW metric, it
is expected that when the density contrast is in the linear regime, a particular patch of
the universe should also be described by a FLRW metric. These over-dense patches started
to form at the end stages of radiation domination. The density contrasts correspond to
linear perturbations in the energy density, where the perturbations originated during the
inflationary era. In this paper we model the over-dense patches as spherical regions of over-
dense matter suspended in the expanding cosmic matter background. The dynamics of the
background is driven by a uniform cosmic density. The above paradigm describes the premise
of the spherical top-hat collapse model of structure formation[4]. The over-dense patch is
assumed to be like a collapsing sub-universe. In the standard top-hat model of structure
formation the over-dense sub-universe detaches from the background cosmic expansion due
to local gravitational properties. As the over-dense region got detached from an expanding
background, the expanding nature of the background persists for some time in the local
over-dense patch1 till local gravitational effects halt the expansion. Consequently the patch
1With a different expansion rate compared to the background expansion.
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undergoes a gravitational contraction phase which inevitably leads to the formation of a
space-time singularity. In the top-hat collapse model it is assumed that the contracting dust
virializes much before the singularity is reached, and consequently the collapse process gives
rise to virialized halos.
In this paper we generalize the simple top-hat collapse model. In our model of collapse,
the initial over-dense sub-universe expands as in the top-hat collapse model. We keep this
phase of the standard top-hat collapse intact, as it is expected that the local gravitating over-
dense matter shares the expansion with the background, albeit with a different rate. All the
properties of the background expansion (except the rate) are found in the initial expansion of
the over-dense region. The expansion of the patch is homogeneous and isotropic. In the top-
hat collapse model the space-time structure during the expanding phase and the contracting
phase of the over-dense region is modelled by a spatially closed FLRW metric. While the
FLRW space-time is homogeneous and isotropic and these properties can be easily attributed
to the expanding phase of the over-dense region, the contracting phase may be modelled by
an inhomogeneous space-time. This point requires some clarification. When the over-dense
sub-universe ultimately starts to contract due to local gravitational effects the contraction
process need not be homogeneous, as the local contraction process has nothing in common
with the background FLRW solution. The time when the contraction in the local patch starts,
the over-dense region has lost all its previous (qualitative) relationship with the expanding
background and can take various possible routes to ultimate structure formation. Once we
accept this paradigm we can match the expanding FLRW metric for the sub-universe with
an inhomogeneous contracting space-time metric at the time when the expansion ends and
contraction begins. Of-course, the matching of two different space-times produces conditions
which must be satisfied by the collapsing matter.
In the standard top-hat collapse model it is assumed that the fluid in the locally over-
dense patch is dust like. This assumption does not require much justification as in the
standard lore one always assumes that matter domination starts when a fluid whose pressure
is zero starts to contribute maximally to the energy-density of the background expansion. It
is simply assumed that the nature of the fluid which drives the background expansion remains
the same at all length scales and consequently the gravitational dynamics of local structures
is also driven by a dust like fluid. In this paper we seek to deviate from this paradigm. Indeed,
there is no obvious reason why the nature of the fluid which drives the background expansion
must remain quantitatively the same at all length scales. Here, we assume that the fluid
driving the local expansion of the over-dense region to be dust like, but once contraction
starts the equation of state of the fluid does not remain fixed. Gravitational contraction
can produce pressure from dust like fluids, and ultimately the fluid which pervades local
structures may have finite positive/negative pressure. We will not present a microscopic
description of the constituents of the fluid in this paper, but we assume that there is a phase
transformation in the fluid which produces pressure, that ultimately halts the contraction.
In a particular case we have matched an expanding FLRW closed sub-universe, filled with
dust, with another closed FLRW contracting phase in presence of a non-dust like fluid with
negative pressure. We show such a collapse can give rise to local structures like the standard
top-hat collapse models.
In the standard top-hat model of gravitational collapse, the contraction phase ends
with virialization as a result of which the dust like matter attains a finite pressure. The
virialization process is ad hoc but essential because in the absence of virialization, all the
contracting matter will collapse to a singularity. The space-time singularity will not be naked,
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it will be enveloped by an event horizon. If one does not virialize at the end stage of top-hat
collapse, one ends up with a blackhole. In the present work we show that there can be collapse
processes which may not end up as blackholes but may have a naked singularity at the centre.
We briefly comment on the dynamics of apparent horizons and trapped surfaces [9] produced
during the collapse. In such space-times the matter distribution can be inhomogeneous and
the fluid can have finite tangential pressure. Our method does not require ad-hoc virialization
to produce finite pressure of the collapsed fluid.
This paper is organized as follows. The next section 2 starts with a brief introduction
to the standard top-hat collapse process. This is review material, and sets the notations and
conventions used throughout the rest of the paper. In the same section we also present the
quantitative outline of the main ideas used in the later part of the paper. In section 3 we
show that one cannot match an expanding, closed FLRW, dust dominated space-time with an
inhomogeneous, dust dominated, contracting space-time. If the matter during the contracting
phase is dust then the contraction must necessarily be a homogeneous and isotropic one. In
section 4, we incorporate non-dust like fluid in the contracting phase. In this case the
pressure-less fluid in the expanding phase has a transition in character during the matching
and attains finite pressure during the contracting phase. This section mainly deals with fluids
which have zero radial pressure during collapse, and apart from a known regular interior
Schwarzschild solution, we obtain a new class of naked singularities that might arise due to
collapse in a cosmological scenario. Section 5 addresses the issue of a complete homogeneous
and isotropic collapse where the fluid during the contracting phase attains a negative pressure.
In this section we show that the results of top-hat collapse can also be obtained in this new
scenario of gravitational collapse. This new collapse process does not have any singularity at
the end stages of collapse and nor does one require to virialize the system. We conclude the
paper in section 6, where we comment on the salient features of the various results discussed
in the present work.
2 Conventional spherical top-hat collapse and a simple minded modifica-
tion
In this section, we will first review the relevant details of a conventional collapse model in
cosmology, that will set the notations and conventions to be used in the rest of the paper.
We will subsequently modify the collapse model to introduce an inhomogeneous but isotropic
energy momentum tensor, and see that it does not introduce any new feature. Since the
material is standard, we will be brief in the first part.
2.1 Spherical top-hat collapse : basics
It is conjectured that the large scale structure of the universe which we see today had quantum
origins during the inflation era. The comoving scalar perturbations left their imprints on the
last scattering surface and we still see the effect of these perturbations as Cosmic Microwave
Background Radiation (CMBR) temperature fluctuations. The same cosmological metric
perturbations which entered the Hubble horizon some time before radiation domination,
produced matter density perturbations in the early universe which gave rise to the large
scale structures which we see in the contemporary universe. The metric perturbations which
entered the Hubble horizon near the end period of the radiation domination produced density
contrasts, ∆ρ/ρ¯ < 1, where ρ¯ is the average cosmological matter density and ∆ρ = ρ− ρ¯. As
long as ∆ρ/ρ¯ remain smaller than unity, linear perturbation theory predicted the dynamics of
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the density perturbations. Gradually the density perturbations became such that ∆ρ/ρ¯ ∼ 1,
and consequently, the perturbation modes started to show non-linear behavior. This resulted
in various patches of over dense regions of the universe, where, in the simplest models, the
patches are assumed to be spherical regions of over dense matter distributions. As the
background FLRW universe expands in an homogeneous and isotropic fashion, these over
dense matter distributions also expand initially in an isotropic and homogeneous fashion,
exactly like a closed FLRW sub-universes. As the density contrast increases with time, the
sub-universes detach from the cosmic expansion and starts to collapse due to gravity. This
is the conventional framework in which cosmologists have tried to understand the process of
large scale structure formation, and is popularly called the spherical top-hat collapse model.
The initial structures produced were perhaps of the size of globular clusters. These structures,
once formed, attracted other structures gravitationally and larger structures were formed.
In the standard spherical top-hat collapse model, the metric of the over dense sub
universe is given by the closed FLRW model2
ds2 = −dt2 + a
2(t)
1− r2dr
2 + a2(t)r2dΩ2 , (2.1)
where a(t) is the scale-factor for the over dense region specified by the closed FLRW space-
time. The positive curvature constant takes care of the over density of that particular region
with respect to the background universe. The coordinate intervals used, to describing the
expanding space-time, are given by 0 ≤ r ≤ 1, 0 ≤ θ ≤ pi and 0 ≤ φ < 2pi. The Friedman
equation governing its dynamics is given by,
H2
H20
= Ωm0
(a0
a
)3
+ (1− Ωm0)
(a0
a
)2
(2.2)
where H = a˙/a is the Hubble parameter for the over dense sub-universe and H0, a0 are the
values of H and a just after the over dense region detaches from the background cosmological
expansion. Here Ωm0 = ρ0/ρc0 where ρc0 = 3H
2
0 and ρ0 is the matter density when a = a0.
In this simple model dark-energy does not play any part and Λ = 0. In this case, the solution
of Eq. (2.2) can be given in a parametric form [10]:
a =
a0Ωm0
2(Ωm0 − 1)(1− cos θ), t =
Ωm0
2H0(Ωm0 − 1)3/2
(θ − sin θ) . (2.3)
As the sub universe is over dense we assume Ωm0 > 1. In this simple picture of spherical
collapse, the over dense region expands initially and the maximum value of the scale factor
is attained when θ = pi when
amax =
a0Ωm0
(Ωm0 − 1) , tmax =
piΩm0
2H0(Ωm0 − 1)3/2
.
Denoting the background cosmological variables and parameters with a bar on top we can
now calculate the ratio of the densities at t = tm as
ρ(tmax)
ρ¯(tmax)
=
Ωm0ρc0
(
a0
a
)3
ρ¯c0
(
a¯0
a¯
)3 . (2.4)
2In this paper we will use a system of units in which the velocity of light and the universal gravitational
constant (multiplied by 8pi), are both set equal to unity.
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Further, assuming that the over dense region detached from the background expansion when
a0 ∼ a¯0 and ρc0 ∼ ρ¯c0 one gets
ρ(tmax)
ρ¯(tmax)
= Ωm0
[
a¯(tmax)
amax
]3
. (2.5)
For the background (spatially flat) FLRW space-time, it is known that a¯(t) = a¯0
(
3
2H¯0t
)2/3
and using it in Eq.(2.5) and using the fact that H¯0 ∼ H0 one readily gets
ρ(tmax)
ρ¯(tmax)
=
9pi2
16
∼ 5.55 , (2.6)
implying that spherical collapse starts when the density of the over-dense sub universe is 5.55
times more that the density of the background FLRW universe.
In the spherical top-hat collapse model, the final collapse happens when θ = 2pi, and
the time to reach collapse is tcoll = 2tmax when a should become zero and the end state
is a singularity. To avoid the singularity at the end of this kind of gravitational collapse,
one invokes a semi-Newtonian formalism and says that the over dense region attains virial
equilibrium when the scale factor becomes avir =
1
2amax and θ =
3pi
2 . At this stage it can be
shown that
ρ(tvir)
ρ¯(tvir)
∼ 145 . (2.7)
In fact one can extrapolate the final time up to the time of collapse and say that in various
such models, depending upon the maximum time of collapse, the density of collapsing patch
varies between 145-200 times the background density of the universe. Sometimes one likes
to specify the density contrast in a particular way. In this picture of homogeneous matter
collapse, one can take a sphere whose physical radius initially is Ri ∝ ai (where ai is some
value of the scale factor in the initial phases of expansion of the sub universe and not equal
to a0) and whose density is that of the background density ρ¯. After some time the radius of
the sphere changes to R where R ∝ (ai + ∆a) and the density in the sub universe becomes
ρ = ρ¯+ ∆ρ. Assuming no mass to be flowing in/out of the over dense region during the time
interval when the radius changes one gets the relation
δ ≡ ∆ρ
ρ¯
= −3∆a
ai
.
Expressing the relations in Eq. (2.3) as a series in θ and using the first few terms, it can be
shown that at t = tcoll,
δcoll ∼ 1.69 . (2.8)
Many authors use tvir ∼ tcoll (as they have approximately same magnitude). In this approx-
imation,
ρ(tvir)
ρ¯(tvir)
∼ 170− 200 . (2.9)
The above discussions show that although the spherical top-hat collapse is a very simple
model of gravitational collapse it nonetheless yields numbers which are very important for
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astrophysics. One can generalize the scope of spherical collapse, retaining some of its sim-
plicities. In this work we will generalize the scope of gravitational collapse by introducing
inhomogeneous dust collapse and homogeneous collapse of dust into a non-dust like final
phase. Before we go to the main results given in the next sections we give a short introduc-
tion of our technique of generalization of the spherical collapse in the next subsection.
2.2 Modifying the standard spherical top-hat collapse model
In the matter dominated sub universe of the top-hat collapse process, the pressure of the fluid
is always assumed to be zero and the energy-density always homogeneous. The pressure (P )
of the fluid vanishes as one forces P = 0 to be the equation of state of the fluid during the
collapse process. The dust remains homogeneous as one works with the homogeneous FLRW
metric in the collapsing scenario. Both of these features of the spherical top-hat collapse can
change if one uses a different metric for the collapsing process. In this paper we will use a
version of the metric [11], inspired by the pioneering work of [12, 13], which is widely used
in studies of gravitational collapse but has not been used for studies of structure formation,
to the best of our knowledge. Our collapsing metric is taken to be of the form
ds2 = −e2ν(r,t)dt2 + R
′2
G(r, t)
dr2 +R2(r, t)dΩ2 , (2.10)
where ν(r, t), R(r, t) and G(r, t) are functions of r and t. The range of the coordinates de-
scribing the contracting space-time, are assumed to remain the same as that of the expanding
phase. Here and in general, a prime above a function specifies the derivative of that function
with respect to the radial coordinate. The metric given above can describe a spherical grav-
itational collapse as none of the functions depend upon angular variables. This metric can
also describe spherical collapse, where matter can develop inhomogeneous energy-density and
pressure starting from a homogeneous distribution of dust. This can happen because of the
presence of the undetermined functions, all of which depends on the radial coordinate and
the time. It should be made clear from the onset that r stands for a comoving coordinate
(much like the FLRW case). There is a scaling degree of freedom in the space-time described
by the above metric due to which one can write
R(r, t) = rf(r, t) , (2.11)
where the functional form of f(r, t) can be known at the time when collapse starts if one
knows the value of R(r, t) at that time. In this article we will always use this scaling property.
We also define a function F (r, t), called the Misner-Sharp mass [13], that specifies the amount
of matter enclosed by the shell labelled by r and its functional form is given by
F = R
(
1−G+ e−2νR˙2
)
. (2.12)
In the case of a fluid whose energy-momentum tensor components are given as T 00 = −ρ,
T 11 = Pr, T
2
2 = T
3
3 = P⊥ the Einstein’s equations give, in terms of F (r, t),
ρ =
F ′
R2R′
, Pr = − F˙
R2R˙
, P⊥ =
1
2
ρR
ν ′
R′
(for Pr = 0), (2.13)
where it is to be noted that the expression for the tangential pressure simplifies to the one
in Eq. (2.13) only for vanishing radial pressure, and is otherwise given by a more lengthy
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expression that we do not show here. The vanishing of the non-diagonal terms in the Einstein
equations produces the fourth equation as
G˙ = 2
ν ′
R′
R˙G . (2.14)
In the above equations and in general, a dot above any function will be used to specify a
derivative of that function with respect to coordinate time. In Eq. (2.13) one assumed that
the energy-momentum tensor to be anisotropic. For an isotropic energy-momentum tensor,
Pr = P⊥, one can take
ρ =
F ′
R2R′
, Pr = P⊥ = − F˙
R2R˙
, (2.15)
while Eq. (2.14) remains the same for a fluid with isotropic pressure.
The simplest alternative to the spherical top-hat collapse can be achieved by a gravi-
tational collapse produced by the metric in Eq. (2.10). To pursue this idea one requires to
know the form of the functions ν(r, t), R(r, t) and G(r, t) at the onset of collapse. In general
it might be difficult to get these initial data about the functions in the matter dominated
cosmological setting. To resolve this difficulty one can use a scenario in which one retains
the initial expanding phase of the spherical top-hat collapse models up to the “turn-around
point,” i.e, when t = tmax and a = amax, and then match the spatially closed FLRW metric
with the general collapsing metric given in Eq. (2.10), to describe the final collapsing phase.
In this scenario the functions ν(r, t), R(r, t) and G(r, t) can be evaluated at t = tmax by the
Israel junction conditions (see, e.g [14]) applied on a space-like hypersurface. This scenario
opens up new ways of spherical collapse, as the collapsing space-time may induce inhomo-
geneous fluid energy-density or may even produce a pressure of the collapsing fluid. The
initial over density expands in a homogeneous and isotropic fashion carrying the traits of
the background expansion. Once the turnaround time has reached and the over dense region
collapses, this latter collapsing phase does not bear any resemblance to the background ex-
pansion, and it need not carry the traits of the background expansion any more. Thus the
collapsing sub universe in principle can have inhomogeneous matter. It is this fact that we
will crucially use below.
These features were not present in the simple minded spherical top-hat model. The most
important aspect of our alternate collapsing scenario is that, the pressure and energy-density
of the fluid in the collapsing region evolve with time and here the equation of state P/ρ is
not fixed. In our scenario, the over dense region expands while P = 0 but as soon it turns
around and the final collapse begins, the energy-density starts to become inhomogeneous.
In the contracting phase, the pressure may remain zero, attain a positive value or even
attain a negative value.3 All the three alternative possibilities for pressure of the fluid in
the contracting phase are possible. As we will show in sequel, if the pressure, during the
contracting phase remains zero or positive, the collapsing space-time ends up in a singularity.
On the other hand, in the case where the pressure during the final collapsing phase is negative,
we will show that the contracting space-time can settle down to an equilibrium position
without any space-time singularity.
In the conventional collapse model, the assumption of a pressure-less fluid makes the
calculation simple initially, but it turns out that this very feature makes the problem compli-
cated during the end stages of collapse. In the absence of pressure balance, the sub universe
3In galactic halos, negative pressure may arise, as pointed out in [15].
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Figure 1. g+µν is the collapsing metric and g
−
µν is the closed FLRW metric.
goes on collapsing till a singularity is reached. Phenomenologically, one proposes that the
top-hat collapse model ends when the matter inside the over dense region virializes and this
virialization produces stable, spherical halos where the fluid constituting it may now have
non-zero positive pressure. In the present work we will show that no such ad hoc inputs
are required to stabilize the final space-time if the sub universe at the end of collapse has
developed a negative pressure which counteracts the collapsing tendency.
3 Matching different collapsing metrics : inhomogeneous dust collapse
In this paper, we assume that initially, the metric of an over-dense region in the universe
is described by a closed FLRW metric of eq.(2.1). In the spherical top hat collapse model
this particular region initially undergoes expansion. The expansion continues up to a time,
say tmax, when the density of the region reaches approximately 5.55 times the background
density. We assume that every over dense patch of the universe expands initially following
this process. Then after tmax it starts collapsing.
Now, our main observation is that in principle, the collapsing metric after time tmax
need not be homogeneous and isotropic, like the background FLRW solution. In particular,
the collapse process can proceed by an inhomogeneous dust collapse, or an isotropic or
anisotropic collapse with pressure.4 Of course, the forms of such collapsing metrics are
severely restricted by matching conditions at t = tmax, but we show that it is possible to
construct sensible solutions that meet all such restrictions.
To begin with, we will investigate the simplest possibility of an inhomogeneous dust
solution during the time of collapse after homogeneous dust expansion. Spherically symmetric
4Several different metrics have been widely studied in the literature, which describe different collapse
mechanisms, see, e.g [11, 12, 16–19].
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dust solutions of Einstein’s equations are given by Lemaitre-Tolman-Bondi (LTB) metric [19],
ds2 = −dt2 + R
′2(r, t)dr2
1 + E(r)
+R2(r, t)dΩ2 , (3.1)
where R(r, t) and E(r) can be any general function.5 The inhomogeneous energy density of
this dust solution is given by
ρ(r, t) = −2R¨(r, t)
R(r, t)
− R¨
′(r, t)
R′(r, t)
(3.2)
The function R(r, t) satisfies the scaling relation as given in Eq. (2.11), i.e we will take
R(r, t) = rf(r, t). Comparing the metric of Eq. (3.1) with the one given in Eq. (2.10) one
can see that G(r, t) = 1 + E(r) and ν(r, t) = 0. In this case G only depends on the radial
comoving coordinate.
It is a standard exercise in GR to see if this metric matches smoothly (i.e without any
matter shells at the junction) with the one for the closed FLRW universe on a constant
time hypersurface - for this, we have to match both the induced metrics and the intrinsic
curvatures on that hypersurface (called the Israel junction conditions) [14]. The situation is
described in fig.(1) for the matching of two generic metrics g+µν and g
−
µν across a space-like
hypersurface φ(t).6 In our case, g+µν is the collapsing metric and g
−
µν is the closed FLRW
metric, and the hypersurface is chosen as t = tmax.
At the time tmax, the scale factor of the closed FLRW universe a(t) reaches its maximum
value amax, and consequently a˙(tmax) = 0. Therefore at this constant-time hypersurface, we
can write the induced metrics as
ds2+ =
(
R′2(r, tmax)dr2
1 + E(r)
+R2(r, tmax)dΩ
2
)
, ds2− =
a2maxdr
2
1− r2 + r
2a2maxdΩ
2 . (3.3)
Here ds2−/+ represents the metric on t = tm hypersurface from expanding side and collapsing
side, respectively. As the first condition of smooth matching, we have
g+µν(t→ tmax) = g−µν(t→ tmax) (3.4)
The second condition of smooth matching is
K+µν(t→ tmax) = K−µν(t→ tmax) (3.5)
where Kµν is the extrinsic curvature and given by Kab = ηα;βe
α
ae
β
b . Here η is a vector
perpendicular to the φ(xα) = 0 hypersurface, and it is defined as
ηµ =
φ,µ
|gαβφ,α φ,β |1/2
, (3.6)
with eαa being tangents to that hypersurface. As mentioned, in our case the hypersurface
is φ(t) = t − tmax = 0. The computation of the extrinsic curvature is a fairly standard
5In what follows, a prime will always denote a derivative with respect to the spatial coordinate r and the
dot will denote a derivative with respect to the coordinate time, t.
6The φ(t) appearing here should not be confused with an angular coordinate.
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exercise, and we will simply state the results. For the FLRW metric of eq.(2.1), we obtain
for a space-like hypersurface,
Krr =
a(t)a˙(t)
1− r2 , Kθθ = −r
2a(t)a˙(t), Kφφ = −r2a(t)a˙(t) sin2 θ (3.7)
Hence, at the matching surface t = tmax, since the time derivative of the scale factor vanishes,
all components of the extrinsic curvature are identically equal to zero. Hence, in order to
match the collapsing metric to the FLRW metric at t = tmax, we require that the components
of the extrinsic curvature of the former be set to zero, at this time.
Further insight can be gleaned from the matching condition for the metrics of eq.(3.3),
which can be seen to read
E(r) = −r2, f(r, tmax) = amax, (3.8)
where f(r, t) has to be a function that does not have any r-dependence at t = tmax. The
extrinsic curvature corresponding to a space-like hypersurface can be computed from Eq.(3.1),
and can be shown to be
Krr =
(rf ′(r, t) + f(r, t))
(
f˙(r, t) + rf˙ ′(r, t)
)
r2 − 1 , Kθθ = −r
2f(r, t)f˙(r, t) =
1
sin2 θ
Kφφ (3.9)
From the discussion above, one thus obtains at the matching hypersurface,
Kθθ = Kφφ = 0 =⇒ f˙(r, tmax) = 0 (3.10)
The condition due to vanishing Krr is more interesting. With f˙(r, tmax) = 0, we note that
in order to set Krr = 0, we should have f˙
′(r, tmax) = 0. This is in general true, as the scale
factor f does not have any radial dependence at t = tmax.
Now we note that the Misner-Sharp mass defined for the contracting phase (LTB metric)
should be time-independent, as the pressure is kept zero. Its form is given by
F (r) = R(−E + R˙2) . (3.11)
Introducing the function m(r) as defined by
m(r) =
F (r)
2r3
. (3.12)
and remembering that R˙(r, t) = rf˙(r, t), we see that Eq.(3.11) can be written as
f˙2(r, t) =
2m(r)
f(r, t)
− 1 . (3.13)
The function m(r) can be fixed by looking at Eq. (3.13) when t = tmax. In that case, using
f(r, tmax) = amax and f˙(r, tmax) = 0, it is seen that m(r) is actually a constant and its value
is m(r) = amax2 . In such a case the most general parametric solution of Eq. (3.13) is
f =
amax
2
(1− cos θ) , t− t˜(r) = amax
23/2
(θ − sin θ) (3.14)
where t˜(r) can be any function of r which arises as an integration constant, when the relevant
integration is over time. As we match of the LTB metric with the FLRW metric at t = tmax
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when f = amax, the initial value of θ happens to be θ = pi. The system tends to singularity
when θ = 2pi. We can find out the form of t˜(r) from Eq. (3.14) at θ = pi. It is then seen that
t˜(r) is a constant whose value is given by
t˜ = tmax − piamax
23/2
. (3.15)
Consequently, during the collapse, the scale factor f(t) will not depend on the comoving
radial coordinate. This condition in Eq. (3.1) reduces the collapsing LTB metric to a standard
FLRW universe with scale factor f(t). This calculation shows that one cannot have an
inhomogeneous dust contracting after a homogeneous dust expansion. If the fluid remains
dust like during the expansion as well as the contraction phase, then the whole process has
to be homogeneous and isotropic, in short it is the spherical top-hat collapse only.
The analysis of trapped surfaces in the collapsing scenario will naturally follow the
discussion of [20]. Before turning to this, we briefly note here some details that will be
useful for us later on. It is well known that for a spherically symmetric space-time defined
in Eq. (2.10), the equation of the apparent horizon takes the form (see, e.g chapter 3 of [21])
gµν∂µR(r, t)∂νR(r, t) = 0 =⇒ F (r, t)
R(r, t)
= 1 (3.16)
If F/R < 1, the formation of apparent horizons is ruled out, whereas it always forms for
F/R ≥ 1. In our case, using Eq. (3.11) and the fact that E(r) = −r2 from Eq. (3.8), we
obtain the condition for formation of an apparent horizon as,
F (r)
R(r, t)
= r2
(
1 + f˙(t)
2
)
> 1 . (3.17)
Hence an apparent horizon is always formed once the collapse process starts, indicating that
the end stage of the collapse is a black hole, which is of course expected from standard
analysis of homogeneous dust collapse. A similar conclusion can be reached by following the
method outlined in [20], specialised to a collapsing scenario. In that paper, an expression for
the Raychaudhuri expansion scalar was computed. It can be checked that this leads to the
same expected conclusion as stated above, i.e the formation of a black hole as the end stage
of the collapse is unavoidable.
The above exposition naturally gives rise to the question that we have mentioned before,
namely, can there be any alternative to the simple spherical top-hat model. In the next section
we will see that if one does not impose the dust like condition of the fluid throughout the
expansion and contraction phase one may indeed get a model of homogeneous collapse which
is different from the spherical top-hat collapse.
4 Matching FLRW with non-dust collapse
In the previous section we saw that for a collapse process starting from a homogeneous
FLRW solution, an inhomogeneous dust collapse is ruled out. However, we will now see that
if isotropic or anisotropic pressure is generated during collapse, then the situation becomes
more interesting. In what follows, in the spirit of the previous section, we will smoothly
match the closed FLRW metric as given in Eq.(2.1), with a generalized collapsing metric
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that is of the non-dust (ND) type of Eq (2.10) on a space-like hypersurface (see fig. (1)). For
convenience, we reproduce them here again :
ds2− = −dt2 +
a2(t)
1− r2dr
2 + a2(t)r2dΩ2 ,
ds2+ = −e2ν(r,t)dt2 +
R′2
G(r, t)
dr2 +R2(r, t)dΩ2 , (4.1)
First we describe the general case of matching where the pressure generated during collapse
is anisotropic and in the next case we specifically work out the problem where the generated
pressure remains isotropic. The scaling relation as given in Eq. (2.11) holds in the contracting
phase, where R(r, tmax) = ramax obtained by matching the two different metrics at the
junction. For smooth matching on the space-like hyper-surface φ = t − tmax = 0, we first
match the induced metrics on both side of this hypersurface from the metrics of Eq. (4.1).
From the matching of the metric on both sides it is clear that the initial value of ν(r, t),
f(r, t) and G(r, t) at tmax should be
ν(r, tmax) = 0, f(r, tmax) = amax, G(r, tmax) = 1− r2 . (4.2)
Now, as in the case considered in the previous subsection, we will require that the extrinsic
curvature due to the metric for ds2+ of Eq.(4.1) should vanish at the matching surface, at
t = tmax. To glean insight into this set of constraint, we first record the expressions for the
components,
Krr =
e−ν(r,t)
2G(r, t)2
(
rf ′(r, t) + f(r, t)
) ((
rf ′(r, t) + f(r, t)
)
G˙(r, t)− 2
(
f˙(r, t) + rf˙ ′(r, t)
)
G(r, t)
)
Kθθ = −r2f(r, t)f˙(r, t)
(
e−ν(r,t)
)
=
Kφφ
sin2 θ
(4.3)
It is thus seen that like the previous subsection, vanishing of the extrinsic curvature at
t = tmax requires f˙(r, tmax) = 0, and since f(r, t) is independent of r at t = tmax, we obtain
f(r, tmax)G˙(r, tmax) = 2f˙(r, tmax)G(r, tmax) = 0 , (4.4)
which demands G˙(r, tmax) = 0. We will now list the conditions that are required for a
physically viable non-dust collapse, starting from the metric of Eq. (4.1). It is well known
that we will need the following conditions :
1. Any shell-crossing singularity has to be avoided [22–24]. This type of coordinate sin-
gularity arises when two different shells cross each other during collapse. To avoid this
singularity, we require
R′(r, t) = f(r, t) + rf ′(r, t) > 0 . (4.5)
2. The weak energy condition has to be satisfied. That means
ρ > 0, ρ+ Pr ≥ 0, ρ+ P⊥ ≥ 0, , (4.6)
where Pr and P⊥ are the isotropic pressure components of the perfect fluid.
3. ρ, Pr and P⊥ should be regular at r = 0 during collapse. This means that all of these
quantities should be finite during the time of collapse and gradient of pressure should
vanish at the center.
In the discussion which follows, all these conditions will be taken into account.
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4.1 Collapse with anisotropic pressure
In this subsection we show that one can indeed have an inhomogeneous collapse of matter
producing anisotropic pressure starting from an initial condition where the energy density
is homogeneous and pressure is zero. The relevant forms of energy-density and pressure are
given in Eq. (2.13). If we demand that the resulting space-time after collapse can be matched
with an external Schwarzschild space-time then one can put a further restriction that Pr = 0
throughout the collapsing phase. In the following part of this paper we will discuss contraction
phases where the nature of the fluid slowly changes. The resulting pressure may be positive
or negative showing that the dust like nature of cold dark matter (CDM) may not be an
invariant property at all scales. In small scales, gravitational collapse may induce phase
changes in the fluid whose nature may become inhomogeneous as time evolves.
It may appear that we have too many functions at hand and a theory of gravitational
collapse will be difficult to formulate in this setting, if we do not know the forms of all the
functions. A series of important works by Joshi and collaborators concerning the initial
data in gravitational collapse, a discussion on which can be found in [21], is relevant in this
context.
Indeed, a careful consideration shows that in principle the system of equations as given
in Eq. (2.13) and Eq. (2.14) can produce interesting final configurations of the space-time and
the fluid if we know about only two functions. Specifically, we have six different functions as
ν, G, F , p⊥, ρ and f at our hand and there are four equations in Eq. (2.13) and Eq. (2.14).
As discussed for example in [21],[11], we can always write down the equations governing
the gravitational collapse, if we know the form of F (r, tmax) and P⊥(r, t) where F (r, tmax)
is supposed to be a regular function. As in our case we assume the radial pressure is zero,
Eq. (2.13) predicts F˙ = 0 and consequently the form of F can be known once for all if we
know its form at t = tmax. From the matching conditions of Eq. (4.2), we get
F (r) ≡ F (r, tmax) = rf(r, tmax)
[
1−G(r, tmax) + r2e−2ν(r,tmax)f˙2(r, tmax)
]
= amaxr
3 ,(4.7)
which is a regular function throughout the contracting phase. The other function P⊥(r, t)
has to be supplied. If one is interested in situations where the final space-time, after the
contraction phase, is stable then one has to impose the conditions
f˙e(r) = f¨e(r) = 0 , (4.8)
where the subscript e specifies the equilibrium value of any quantity as,
fe(r) ≡ lim
t→T
f(r, t) ,
where T is a large time scale over which the contraction occurs. In most of the cases of
interest, T → ∞. The results in this section assumes the existence of a final equilibrium
configuration of the fluid and the evolving space-time. In a purely integrable system one
may have started with an uniform configuration and proceeded to the final space-time via
analytical equations. In the present case, such a root is difficult to foresee.
Importantly, if one is only interested in the question related to the outcome of the
dynamic contraction process, and to study whether an equilibrium condition can arise at all,
then one can assume a final equilibrium condition and check whether the equations at hand
can give rise to such a configuration. In this case, once we have specified the form of F (r)
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from Eq. (4.8), the equilibrium (static) value of G(r) can be obtained from Eq. (2.12), and
reads
Ge(r) = 1− F (r)
R
. (4.9)
In order to specify the functional form of P⊥, it is then sufficient to look at the form of
the equilibrium (static) Einstein equations, that can be easily obtained from Eq. (2.10) after
removing the dependence on the time. Demanding that the radial pressure vanishes, implies
in that case,
1
R(r)2
(
G(r)− 1 + 2G(r)R(r)ν
′(r)
R′(r)
)
= 0 . (4.10)
Once we specify the form of R(r), the above equation in turn can be used to solve for ν ′(r)
which is then used in the third of Eq. (2.13) to determine P⊥. In what follows, we will assume
that
Re(r) = rfe(r), fe(r) = br
α , (4.11)
where b is a dimensional constant and α ≥ 0 is a dimensionless real number. In the problem
which we have discussed till now there remains an ambiguity of the solutions as we have a
scaling freedom left. During the expansion phase of the dust the scale factor a is expressed in
terms of a0 as shown in Eq. (2.3). The dependence of a0 is carried over to the expression of
amax. Initially when contraction starts the physical scale factor is R(r, tmax) = ramax whose
value depends on the choice of a0 and consequently the final equilibrium value of fe(r) is also
dependent on our choice of the scale factor a0. To eradicate this scaling arbitrariness one
has to assign some value to a0. If we demand that amax = 1 then the scaling arbitrariness
disappears, specifying a0 = (Ωm0 − 1)/Ωm0. Now, once we have used the scaling freedom to
fix amax, we do not have any further freedom left to choose the constant b in Eq. (4.11). We
will have to invoke separate arguments to constrain its values.
We first note that on physical grounds, a general constraint on R(r, t) for a collapsing
scenario should be Rmax > Re this implies that for all values of r (upon scaling amax to
unity),
Rmax
Re
=
1
brα
> 1 =⇒ b < 1 , (4.12)
where the second inequality follows from the fact that the radial coordinate r can be taken
arbitrarily close to unity.
Next, we note that during the start of the collapse no apparent horizons are formed.
This is due to the fact that (see Eq. (3.16) of section 3)
F (r, tmax)
Rmax
=
r3amax
ramax
< 1 , (4.13)
which is always satisfied in the range of r that we are considering. In the collapsing stage,
when R(r, t) decreases, we cannot make a comprehensive statement regarding F/R, in the
absence of an analytic solution valid throughout the collapse process. However, it is interest-
ing to consider the issue of trapped surfaces at the end stage of collapse, i.e at equilibrium.
From Eq. (3.16), we obtain the location of the apparent horizon
F (r)
Re
=
r2
brα
= 1 =⇒ r2−α = b . (4.14)
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From the above equation we see that for α = 2, the apparent horizon condition implies that
b = 1 which is ruled out, and α > 2 implies that there are no apparent horizons for any value
of r. However, this last case can also be ruled out on physical grounds, as will see.
The second equation in Eq. (4.1) can be seen to imply, via the Einstein equations that
a vanishing radial pressure requires
ν ′(r) =
(1−Ge(r))R′e(r)
2Ge(r)Re(r)
. (4.15)
With these inputs, we now present a new class of naked singularity solutions arising from
gravitational collapse in a cosmological setting.
4.2 A new class of naked singularities
If we input the forms of Ge(r) from Eq. (4.9) and Re(r) from Eq. (4.11), Eq. (4.15) can
be immediately integrated to obtain the g00 component of the equilibrium metric. The g11
component is also easy to obtain, and we finally find the equilibrium metric (we write this
in the r coordinate, but this can always be converted to the physical Re coordinate by the
transformation Re = br
α+1) :
ds2e = −A
(
b− r2−α)α+1α−2 dt2 + (α+ 1)2b3r2α
b− r2−α dr
2 + b2r2(α+1)dΩ2 . (4.16)
Here, A is an integration constant (whose value we will momentarily fix). The energy mo-
mentum tensor is evaluated to be (Pr = 0 by construction)
ρe =
3r−3α
b3 (1 + α)
, Pθ,e = Pφ,e =
3r2−4α
4b3 (b− r2−α) (1 + α) , (4.17)
where an e in the subscript denotes the equilibrium value. On physical grounds, we see that
the metric of Eq. (4.16) is valid for r < b1/(2−α). Since we have already seen that b < 1, this
implies that α < 2,7 so that we obtain a physical metric in the range of r from r = 0 to
r = b1/(2−α), i.e up to the location of the apparent horizon. We therefore use the following
parameter set for the discussion to follow :
0 ≤ α < 2, 0 < b < 1 . (4.18)
With this choice, the tangential pressures of Eq. (4.17) are positive definite, although negative
pressures (for example, for exotic dark matter candidates) cannot be ruled out either [15].
The weak energy conditions are automatically satisfied in this range, given the positivity of
the density and the pressures in this range, as is the strong energy condition ρ + 2Pθ > 0.
Now, the Ricci scalar (Ric) is computed to be
Ric =
3r−4α
(
2brα − 3r2)
2(α+ 1)b3 (b− r2−α) (4.19)
As can be seen, apart from the singularity at r = 0 (for α > 0), there is a singularity at
the location of the apparent horizon given by Eq. (4.14). However, this is not of concern, as
we have already assumed that the metric of Eq. (4.16) is valid for r < b1/(2−α) and that it
7If α ≥ 2, then, for example, g11 becomes negative, since b < 1 and 0 ≤ r < 1. The tangential pressures
also become negative in this case, as can be seen from Eq. (4.17).
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matches smoothly to a Schwarzschild solution at some matching radius 0 < rm < b
1/(2−α).
This type of a smooth matching without a matter shell at the boundary is always possible
in principle, as the radial component of the pressure is zero. Doing this determines the value
of A in Eq. (4.16), and converting to the physical Re (= brα+1) coordinate with Rm being a
matching radius, we present our final form of the equilibrium metric :
ds2e = −
Rm −
(
Rm
b
) 3
1+α
Rm
1− 1b (Rmb ) 2−α1+α
1− 1b
(
Re
b
) 2−α
1+α
 1+α2−α dt2 + dR2e
1− 1b
(
Re
b
) 2−α
1+α
+R2edΩ
2 , (4.20)
where the metric of Eq. (4.20) is valid up to Re < b
3/(2−α). This metric is matched to a
Schwarzschild metric at Re = Rm, with mass
M =
1
2
(
Rm
b
) 3
1+α
= (1 + α)
4
3
piR3mρe , (4.21)
where the last identity follows from the expression of the equilibrium value of the energy
density ρe (at Re = Rm) obtained from the metric of Eq. (4.20). A few words about this
metric is in order. Setting α = 0, we obtain
ds2e = −
(
1− R2m
b3
) 3
2√
1− R2e
b3
dt2 +
dR2e
1− R2e
b3
+R2edΩ
2 , (4.22)
and one can recognize this to be the interior Schwarzschild solution of Florides [25]. In this
case, there is no curvature singularity at Re = r = 0 as can be seen from Eq.(4.19). The
only curvature singularity occurs at Re = b
3/2. The metric is therefore regular in the interval
0 ≤ Re < b3/2. The energy density is homogeneous in this case, as can be gleaned from
Eq.(4.17). Importantly, we have shown here that a regular interior solution like the one
discovered by Florides can arise out of a collapse process in a cosmological setting.
For values of α > 0, there is a singularity at the origin, as well as one at r = b1/(2−α)
or equivalently Re = b
3/(2−α). As already mentioned, we will not be concerned with the
latter singularity, and we assume that the metric of Eq. (4.20) will be matched to an external
Schwarzschild solution before we reach this value of Re. That the singularity at the origin
is naked can be seen from the following. We take the metric of Eq. (4.20) and compute the
time τ taken for null geodesics to reach a value of Re starting from the origin. We find that
this time equals
τ = b
7+α
4−2α 2F1
(
1− 2α
4− 2α,
α+ 1
2− α ;
3
2− α ;
(
R2−αe
b3
) 1
α+1
)
, (4.23)
where 2F1 is the Gauss hypergeometric function. That the time to reach the boundary at
Re = b
3/(2−α) is finite is then evident. Note that when Re > b3/(2−α), τ becomes imaginary.
This is possibly due to the fact that the tangential pressures become negative in this case.
As we have mentioned, such negative pressures cannot be ruled out. However, in the present
analysis, we will not comment further on this.
Finally, a word on the dominant energy condition, given in general by Pθ,e/ρe < 1,
required to rule out the possibility of superluminal propagation of sound. It can be seen
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from Eq.(4.17) that in order to satisfy this condition, we require that
Pθ,e
ρe
< 1 =⇒ (Rα−2e b3) 1α+1 > 54 . (4.24)
This would in general imply that
Re <
(
4
5
) 1+α
2−α
b
3
2−α . (4.25)
This is a somewhat stronger condition than Re < b
3/(2−α), that we saw earlier for the validity
of the metric of Eq. (4.20). The validity of the dominant energy condition can be ensured
by choosing the matching radius (with the external Schwarzschild metric) at a value Rm less
than or equal to the right hand side of the inequality in Eq. (4.25).
To summarize, we have presented a class of new solutions exemplified by the metric of
Eq. (4.20), as the end stage of a gravitational collapse process, starting from a cosmological
expansion. This can either be mapped to the interior Schwarzschild solution of Florides [25]
which is regular and with constant density, or is a naked singularity. It is important to
contrast this result with that of [11] where it was shown that a naked singularity might arise
out of a gravitational collapse process. The main difference between that treatment and what
we have seen here is that the equilibrium value of F (r, t), which is F (r, tmax), is fixed in our
case by Eq. (4.7) via the matching conditions. In [11], this was not the case and there was
a freedom to choose the equilibrium form of F (r, t) differently (with an arbitrary constant -
see Eq. (22) of that paper), and this was tuned to obtain a class of naked singularities, which
are different from what we get here. Our results, on the other hand, represent new bona-fide
naked singularities arising out of a cosmological scenario, when an expanding FLRW metric
is matched to a collapsing metric with anisotropic pressure on a space-like hypersurface. The
new solutions presented in Eq. (4.20) certainly deserve further study.
Importantly, both the weak and the strong energy conditions are satisfied in this sce-
nario. We will now study a model of collapse that is analytically solvable, and see that
violation of the strong energy condition might lead to the formation of a regular space-time
as the end stage of the collapse.
5 Homogeneous non-dust collapse with isotropic pressure
In this section we will present a simplistic model of gravitational collapse, where the final
state can be obtained by a purely analytical process. Here, the pressure of the fluid will
be assumed to be isotropic, Pr = P⊥ = P , during the collapsing phase and the relevant
equations dictating such a contraction are given in Eq. (2.14) and Eq. (2.15). This kind of
an analysis will be possible if we simplify our contraction process and specify the various
functions appearing in the general metric in Eq. (2.10). In general we have seen that the
function G(r, t) can be a function of both r and t. There can be various forms of G(r, t),
whose time derivative is constrained by Eq. (2.14). As Eq. (2.14) gives rise to a complex
differential equation involving the space derivatives of ν(r, t) and R(r, t) and time derivative
of R(r, t) there can be various functional forms of G(r, t) depending upon the functional forms
of ν(r, t) and R(r, t).
Here, we choose the simplest option to fix the functional form of G(r, t) by assuming
that it is in general time independent and its form is given by G(r, tmax) for t > tmax. Thus
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in our case
G(r, t) = 1− r2 . (5.1)
As G is time-independent, it is easy to check from Eq. (2.14) that
G˙ =
2ν ′
R′
R˙G , =⇒ ν ′(r, t) = 0 , (5.2)
Therefore ν(r, t) is a function of time only, which can be used to rescale the time coordinate
appearing in the expression for the general metric in Eq. (2.10). Hence, it is reasonable to
set
ν(r, t) = 0 . (5.3)
The matching conditions as discussed in the beginning of section 4 remain the same. Con-
sequently the Misner-Sharp mass here is given by F (r, tmax) = r
3amax. The density and
pressures can be written in terms of the Misner-Sharp mass as given in Eq. (2.15). There-
fore, using the form of F (r, tmax), we obtain
ρ(tmax) =
3
a2max
. (5.4)
This is manifestly positive, so that it satisfies the condition ρ > 0 at the start of the collapse.
Next, let us look at the expression of pressure, which from Eq.(2.15) can be shown to be
given by
P = −1 + f˙
2 + 2ff¨
f2
(5.5)
At t = tmax, using Eq.(4.2), this becomes
P (tmax) = −
(
1
a2max
+ 2
f¨(tmax)
amax
)
. (5.6)
The junction conditions do not specify f¨(tmax), but here we can find out the second derivative
of the scale-factor by imposing the zero pressure condition. Since during expansion, matter
in FLRW behaves as dust, we expect that at matching time P will vanish. This in particular
implies that
f¨(tmax) = − 1
2amax
. (5.7)
For a homogeneous collapse, the scale-factor f can only depend on time. Hence, we match an
expanding FLRW metric with a contracting FLRW metric. The difference between the two
phases is primarily related with the equation of state of the fluid. In the expanding phase the
fluid is assumed to be pressure-less whereas during the contracting phase a finite (negative)
pressure originates.
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5.1 An example of a bona-fide homogeneous ND collapse : setup
To motivate our model, we start with the fact that at the time when the scale-factor of
the over dense patch reaches its maximum, t = tmax, R˙ (or f˙) should be zero. We are
interested in finding whether a stable final state can be attained by the collapsing space-time.
Consequently, at time t→ T (where T is large), the time derivatives of the scale-factor will
satisfy the conditions given in Eq. (4.8). Now we propose a possible form for f˙ as
f˙(tr) = − A(tr − 1)
(1 +B(tr − 1)2)2 , tr =
t
tmax
. (5.8)
Here, A and B are positive real constants whose values will be bounded by physically relevant
constraints. By integrating the time derivative of the scale-factor we get the form of f as
f(tr) = fe +
A
2B (1 +B(tr − 1)2) , (5.9)
where fe is the value of at f at the time of equilibrium. We will thus use the form of collapsing
metric
ds2 = −dt2r +
f(tr)
2
(1− r2)dr
2 + r2f(tr)
2dΩ2 , (5.10)
with f(tr) given from Eq.(5.9). Now we can compute the energy-momentum tensor for this
metric
ρ =
3
(
A2T 2
(BT 2+1)4
+ 1
)
(
A
2B(BT 2+1)
+ fe
)2 , (5.11)
P = −
4B
(
A2
(
4BT 2 − 1)+ 2ABfe (3BT 2 − 1) (BT 2 + 1)+B (BT 2 + 1)4)
(BT 2 + 1)2 (A+ 2Bfe (BT 2 + 1))
2 , (5.12)
where we have defined T ≡ tr − 1. The condition of vanishing pressure on the space-like
matching surface T = 0 predicts that
fe =
B −A2
2AB
. (5.13)
With this value of fe, it can be checked that Eq. (5.7) is satisfied (here, f ≡ a).
Therefore we are left with two unknown positive parameters A and B. If our metric is a
bona-fide solution for the collapse that we have described, we should be able to find solutions
for these two parameters that satisfy all the constraints listed in the beginning of section 4.
Let us first discuss the weak energy conditions. Denoting again T = tr − 1, with the value of
fe as obtained in Eq.(5.13), the expression for ρ becomes
ρ =
3
(
A2T 2
(BT 2+1)4
+ 1
)
(
B−A2
2AB +
A
2B(BT 2+1)
)2 , (5.14)
while that for ρ+ P is
ρ+ P =
4A2
(
A2T 2
(
3BT 2 + 1
)
+
(
BT 2 + 1
) (
BT 2
(
2BT 2
(
BT 2 + 3
)
+ 3
)
+ 3
))
(BT 2 + 1)2 (−A2T 2 +BT 2 + 1)2 . (5.15)
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We see that ρ is manifestly positive, while the positivity of the right hand side of Eq.(5.15)
is easily seen for all positive values of A and B. Hence, the weak energy condition is always
satisfied during the collapse process.
Next, since ρ and P are both independent of r, they are certainly regular at r = 0 as
required from the third condition listed in the beginning of section 4. Finally, we would need
require f(t) > 0, from the shell crossing condition in Eq.(4.5), which implies (with T = tr−1)
f =
1
2A
− AT
2
2 (BT 2 + 1)
> 0 . (5.16)
In particular, for f to remain positive as tr →∞(≡ T →∞), we require B > A2, a condition
that can also be seen from Eq.(5.13).
We will now discuss the possibility of formation of trapped surfaces during collapse in
our model. To this end, note that the Misner Sharp mass is given in this case from Eq. (2.12),
and implies that
F
R
≡ F (r, tr)
rf(tr)
= r2
(
1 + f˙(tr)
2
)
. (5.17)
This implies that at the start of the collapse process where f˙(tr) = 0, F/R is always less than
unity in the region of interest, i.e 0 ≤ r < 1. This is also the case in equilibrium. Hence there
are no trapped surfaces at the beginning or end of collapse (see discussion after Eq. (3.16)).
However, this need not be true at a generic time during collapse, as right hand side of
Eq. (5.17) is in general greater than unity in that case, indicating the possible formation of
trapped surfaces. Hence, we have to understand why a singularity is not formed at the end
stage.
To this end, from Eq. (5.8), it is clear that f˙(tr) ≤ 0. This implies that there is a
turning point of f˙(tr) along the evolution, and the comoving time corresponding to this can
be computed to be
f¨(tr) = 0 =⇒ T = 1√
3B
. (5.18)
Now note that the strong energy condition (SEC) implies that ρ + 3P > 0, which, from
Eq. (5.12) translates into
12A2B
(
1− 3BT 2)
(1 +BT 2)2 (A2 + (B −A2) (1 +BT 2)) > 0 . (5.19)
Since B > A2, we see that the SEC is violated from the turning point of f˙(tr) given in
Eq. (5.18), all the way up to the end stage of the collapse. The violation of the SEC (with
the weak energy condition being satisfied at all times) provides a possible explanation as to
why a singularity is not formed at the end stage of the collapse, in spite of the condition for
existence of trapped surfaces being fulfilled.
5.2 Comparison with spherical top-hat collapse
To compare our result with the spherical top-hat collapse we develop the following algorithm.
Note that in the limits t→ tmax and t→ T , the densities become
ρ(tmax) = 12A
2, ρe =
12A2B2
(A2 −B)2 (5.20)
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where ρe denotes the equilibrium density. Let us introduce a time, tsat, called saturation
time when the difference between the initial density, when contraction begun, (ρ(tmax)) and
ρ(tsat) reaches 95% of the difference between ρ(tmax) and ρe. This means
ρ(tsat) = ρ(tmax) + (ρe − ρ(tmax))× 0.95 =
3A2
(
A4 − 2A2B + 20B2)
5 (A2 −B)2 . (5.21)
Now, as mentioned in section 2, the critical density contrast from linear extrapolation, in the
spherical top-hat collapse, comes out to be
δc =
(
∆ρ
ρ¯
)
critical
=
3
20
(
6pi
tvir
tmax
)2/3
∼ 1.686 .
Assuming that tvir in the standard spherical top-hat model is analogous to tsat in our model,
one can write an approximately similar formula for the density contrast as,
δc =
3
20
(
6pi
tsat
tmax
)2/3
. (5.22)
The above formula is approximately similar to the spherical top-hat model because both the
standard collapse model and the one presented here have the same origin (the time when
expansion of the sub-universe started) and both models are exactly similar up to the point
where contraction starts. The difference between the results obtained from these two similar
formulas is related to the time scales. In our model tsat 6= 2tmax.
Going one step further one can now ask what is the value of δc in our case. In the
modified collapse model we can also ask if we can have δc, as written in Eq. (5.22), to
be similar to 1.69 (as in the standard model of collapse) at t = tsat. Moreover we can
simultaneously demand an analogous condition to Eq. (2.9) as
ρ(tsat)
ρ¯(tsat)
∼ 170− 200 , (5.23)
which will make our analysis comparable to the standard top-hat collapse model. We will see
that the answers of these are in the affirmative, and the discussion related to these questions
follow.
Before we proceed further we would specify the ratio given in Eq. (5.23) as a function
of tsat/tmax which will be useful in our analysis. Since the ratio of the density of the patch
and the background at t = tmax, given by ρ(tmax)/ρ¯(tmax), is 5.55, then we have
ρ(tsat)
ρ¯(tsat)
=
ρ(tsat)
ρ(tmax)
× ρ(tmax)
ρ¯(tmax)
× ρ¯(tmax)
ρ¯(tsat)
= 5.55× ρ(tsat)
ρ(tmax)
a¯3(tsat)
a¯3(tmax)
= 5.55× ρ(tsat)
ρ(tmax)
(
tsat
tmax
)2
, (5.24)
where the background energy-density scales as a¯(t)−3 and the scale-factor of the background
universe, a¯(t), is assumed to be proportional to t2/3. In the above expression tmax is known
from spherical top-hat collapse and ρ(tmax) is known in terms of the free parameter A. Now
the previous questions can re-framed, namely, what is the possible value of tsat when the
above ratio falls in the range 170− 200 and δc, as given in Eq. (5.22), approximately equals
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Figure 3. Density ρ for A = 16.57, B = 369.3.
The dashed line is ρ(tsat).
1.69. If such a tsat exists, then the present model will be as useful as the standard spherical
top-hat model. This model is in fact in some sense an improvement over the standard collapse
model as here the end state is not a space-time singularity.
The problem boils down to numerically computing the time tsat required by the energy-
density ρ, as given in Eq.(5.14), to reach the saturation density given in Eq.(5.21). The
energy-densities are expressed in terms of the free parameters A and B. In particular, we look
for what conditions in the parameter space 1 < tsat/tmax < 2 and 170 < ρ(tsat)/ρ¯(tsat) < 205
along with the condition B > A2 (from Eq.(5.13). These conditions are expressed as relations
in terms of the free parameters A and B, and specifies allowed regions in the parameter
space. The allowed regions in the space of parameters is easily obtained using a standard
Mathematica routine.
Figure (2) shows the allowed values of the parameters A and B. We see that there is
indeed a parameter range in our simple model that satisfies all the constraints listed above,
with a somewhat constrained parameter space. In fig.(3), we have shown the density ρ of
Eq.(5.14), with the dotted red line denoting ρ(tsat) of Eq.(5.21). In this latter plot, we have
scaled ρ and ρ(tsat) by a factor of 10
3 to offer better visibility.
6 Conclusions and Discussions
In this paper, we have attempted to give an alternative to the standard spherical top-hat
collapse model of Gunn and Gott [4]. The original model is simple in the sense that it
envisages lumps of over dense regions, during the end phase of radiation domination, as
a spatially closed sub universe which undergoes a gravitational expansion followed by a
gravitational contraction. Both the process together constitutes the collapse process. In
the standard model of collapse, the whole gravitational dynamics is dictated by a spatially
closed FLRW metric. As the FLRW metric is a homogeneous and isotropic solution of the
Einstein’s equations, in presence of matter, the collapse process is necessarily homogeneous
and isotropic. As pressure-less matter can lead to structure formation the top-hat process
predicts the behavior of an over dense region of homogeneous dust. The original collapse
model can be used to predict useful numbers which describe the behavior of the over dense
region.
– 22 –
Although the standard collapse model is popular and useful it has some difficulties.
The primary difficulty is related with the fact that this kind of collapse always predicts
a space-time singularity at the end. To avoid this, the practical way out is to virialize
the collapsing dust at the end stages of collapse. Virialization appears ad hoc in such a
general relativistic application. Suddenly switching from a general relativistic paradigm to
a Newtonian paradigm makes the analysis weaker. The virialization of the over dense dust
ultimately produces inhomogeneous features in the structure which is formed at the end stage
of gravitational collapse. The second difficulty related to the standard collapse scenario is
related to the hydrodynamic nature of the collapsing fluid. Usually the collapsing fluid is
assumed to be the dark matter “fluid”, which is pressure-less in the standard paradigm of
cosmology. In the top-hat collapse model the nature of the fluid remains invariant. The fluid
in the grandest scale is pressure-less and the fluid in the collapsed structure is also pressure-
less, unless the fluid in the end stage is virialized. Dark matter need not be pressure-less in
all scales and gravitational collapse itself may trigger some “phase” change in the fluid by
which a finite pressure originates in small scales. If one wants to rule out ad hoc virialization
of the fluid then the only process by which dark matter in small scale attains pressure may
be triggered by the gravitational collapse process.
In the present paper we address the above issues related to gravitational collapse. Our
main contribution is related to the observation that the contracting space-time, following the
expanding FLRW sub universe, may not remain an FLRW space-time. Or if it remains an
FLRW, the equation of state may not remain invariant throughout the collapse process. While
the over dense region, an offshoot of the metric perturbation, expands in an isotropic and
homogeneous fashion following the background this expansion halts at some time, tmax. Now
there are various alternatives as far as the contracting phase is concerned as long as all those
contracting space-times can be smoothly matched to the expanding FLRW solution at t =
tmax. In the contracting phase the background FLRW space-time ceases to be a benchmark
solution and consequently various inhomogeneous contracting models can be constructed.
In this spirit, we use the Israel junction conditions to match an expanding FLRW metric
with a generic contracting solution of Einstein’s equations, on a space-like hypersurface. To
the best of our knowledge, such an analysis has not been done in the past. The main results
of this paper that we obtain via the matching process described above are now summarized :
• We have seen that a homogeneous dust expansion cannot be followed by an inhomoge-
neous dust contraction. This possibility is ruled out via the junction conditions.
• We have seen that the end state of a homogeneous dust collapse followed by an non-
dust collapse with anisotropic pressure may result in a stable space-time or a naked
singularity. We have presented a new class of naked singularity models that can arise
out of such a collapse process. Both the strong and the weak energy conditions are
satisfied in this process.
• We have constructed a simplistic model for collapse with isotropic pressure, and shown
that the end stage of collapse in this scenario is singularity-free. We argued how this
latter feature might arise due to a violation of the strong energy condition. This model
has been tuned to produce numbers that are similar to the standard top-hat collapse
model.
Our work does not rule out the standard spherical top-hat collapse model but points
out that the top-hat model is only a particular form of gravitational collapse. Nature may
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choose many other ways of gravitational collapse and the road to structure formation is
more an open problem. We have endeavoured to provide some information regarding this
open problem although our paper is limited in its choice of alternative models.
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